Dengue fever is increasing in geographical range, spread by invasion of its vector mosquitoes. The trade in second-hand tires has been implicated as a factor in this process as they act as mobile reservoirs of mosquito eggs and larvae. Regional transportation of tires can create linkages between rural areas with dengue to disease-free urban areas, potentially giving rise to outbreaks even in areas with strong local control measures. In this work we sought to model the dynamics of mosquito transportation via the tire trade, in particular to predict its role in causing unexpected dengue outbreaks through vertical transmission of the virus across generations of mosquitoes.
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We also aimed to identify strategies for regulating the trade in second-hand
Introduction
Dengue fever is among the most widespread vector-borne diseases, with approximately 2.5 billion people at risk and 50 million infections annually World Health Organization (2009). Dengue is endemic in over 100 tropical and subtropical countries Gubler (2002) . It is also the fastest re-emerging dis-ease C. Cook and I.Zumla (2008) , imposing an economic burden alongside the impaired health of affected individuals. Two mosquito species are responsible for transmission of the virus via infective bites. The most common vector is Aedes aegypti, but the asian tiger mosquito Aedes albopictus is increasingly important due to a rapidly expanding global distribution encompassing most tropical regions Belli et al. (2015) ; Rezza (2012) . There are four dengue virus serotypes García-Rivera and Rigau-Pérez (2006) , and once an individual has been infected by one serotype they are permanently immune to that serotype but only temporarily immune to the others García-Rivera and Rigau-Pérez (2006); Esteva and Vargas (2003) .
Second-hand tires are widely traded both locally and globally. In countries with Ae. aegypti mosquitoes, these often contain standing rain water and eggs Rezza (2012) ; Yee (2008a) , providing excellent larval habitats and frequently infected with both species Alves Honório et al. (2006) ; Higa et al. (2010) . Tires have been an important dispersal mechanism for both mosquitoes and dengue virus. Ae. albopictus originated in Asia but invaded the New World in the 1980s via imported used tires and bamboo plants Belli et al. (2015) ; Gubler (2002) . It is now present in 20 countries in the Americas Belli et al. (2015) . International trade in used tires and bamboo has also been implicated in the introduction of Ae. albopictus to Europe Medlock et al. (2012) .
Ae. aegypti was eliminated in 1960 in almost all the New World. However, subsequent social and economic changes in the Americas have permitted the rapid re-infestation of the vector and dengue virus throughout the region.
From 1960 to 1990, the annual production of tires increased from 2 to 17 million Briseño-García et al. (1996) , suggesting that the management of their movement, disposal and recycling could be an important modulator of dengue dispersal. For example, between 1981 and 1996, Cuba lacked any dengue transmission. Reintroduction has now occurred in some areas; the municipality of Santiago de Cuba was reinfested in 1992 by Ae. aegypti transported in tires Kourí et al. (1998) .
Two processes play an important role in the transmission of Aedes and dengue fever via tires. The first is the diapause phase in the mosquito life cycle, enabling eggs to survive long periods of unfavorable conditions, including desiccation Thomas et al. (2012) . Vertical or transovarial transmission of dengue also occurs, with infected females passing the virus to their eggs Esteva and Vargas (2000); Gúnther et al. (2007) ; Martins et al. (2012) ; Murillo et al. (2014) . Emerging adults are therefore able to transmit the disease without first interacting with an infected host Gubler (1986) ; C. Cook and I.Zumla (2008) , potentially causing outbreaks in dengue-free areas.
Here we assess the potential role of transportation of tires containing infected eggs in causing outbreaks in areas otherwise free of both vectors and dengue. Our mathematical model is based on two patches, representing a rural area with endemic dengue and an urban area which begins as denguefree. We incorporate vertical transmission, diapause during transportation, and the efficiency of tire processing. Through this we generate scenarios in which (a) mosquitoes arrive but with no dengue outbreak, (b) a dengue outbreak occurs, (c) an effective endemic state is created due to continuous influx of infected eggs, and (d) an existing endemic infection is enhanced through additional input of infected vectors. In order to assess the potential for management, we present a case study of implementing a management program to reduce tire processing times. Our work demonstrates that, if effectively regulated, a reduction in the time that tires are stored could aid in dengue control.
Methods
Our model aims to capture the dynamics of dengue fever in both humans and female mosquitoes. The total human population N remains constant throughout. The modeled populations are divided into rural and urban sections, with movement occurring only in the reservoirs containing eggs. The systems in the two patches differ mainly by the loss and gain of eggs from rural to urban areas. The total human populations in rural area N R and urban area N U are constant. Table 1 describes the population classes.
The susceptible human class has a per-capita birth rate η, and an identical per-capita death rate η, meaning that the overall population remains stable through time. Individuals in this class become infectious according to the bite rate of infected vectors α. The vectors become infected by biting infectious hosts with an identical contact rate α. The rate at which humans recover from infection, whereupon they become permanently immune, is γ. In contrast, mosquitoes never recover from the disease. Our model only considers the fraction κ of mosquitoes that are female, as males do not transmit the disease. Mosquito populations increase through egg eclosion according to the development rate ω and individuals die with a rate . Female mosquitoes oviposit at a rate φ and the eggs have an intrinsic mortality rate π. If a female mosquito is already infected, a fraction ν of its oviposited eggs are infected (vertical transmission). The hatcheries have a carrying capacity C a where a ∈ {r, u}, and r is rural and u urban area.
Population Description
The number of tires transported from rural area to urban area per unit time is r and θ is the mean number of tires in the rural area. Hence rE IR /θ is the rate of egg movement. During transportation a fraction χ of eggs survive. Following the assumptions and parameters defined above, the system of differential equations that model the dynamics of dengue in human and mosquito populations in the rural area is given by:
Figure 1: Flowchart from rural dengue fever model. Elements of the upper row refer to segments of the human population, whereas the lower row refers to adult mosquitoes (M) or their eggs (E). See Tables 1 and 2 for definitions of terms.
The differential equations that model the dynamics of dengue disease in human and mosquito populations in the urban area are given by:
Figure 2: Flowchart from urban dengue fever model. Elements of the upper row refer to segments of the human population, whereas the lower row refers to adult mosquitoes (M) or their eggs (E). See Tables 1 and 2 for definitions of terms.
Where
The model explicitly takes into account the movement and storage time of tires. Our study focuses on the necessary conditions for four possible outcomes. Scenario I considers the introduction to the urban area of mosquitoes from a rural area. In Scenario II a dengue outbreak emerges in the urban area as a consequence of the joint introduction of the mosquito and the virus in infected eggs. Scenario III induces or enhances an endemic state in the urban area through the constant introduction of infected mosquitoes eggs.
Finally, in Scenario IV , we consider how regulation of the market in second hand tires could act as a dengue control measure. To demonstrate the impacts of dengue spread we calculate the secondary dengue cases generated in the urban area as the result of a single case in rural area. This quantity can be used as a preliminary measure of the impact of controlling the movement of tires during dengue outbreaks. Finally we apply our model to a specific study of the tire management system in Puerto Rico using data from the
Solid Waste Authority (ADS) A.D.S. (2014).

Results
Introduction of mosquitoes to an urban area
Transportation of a single batch of tires can led to the introduction of a mosquito population from rural to urban areas. In order to obtain the conditions when this might occur, we determine the urban offspring reproduction 
where ω π+ω is the probability of an egg hatching into an adult mosquito, E * R is the stationary number of eggs in the rural area, R r M is the rural offspring reproduction number (see b), and χψ(
) is the fraction of eggs that survive before the tire processing cycle completes.
The introduction of a mosquito species will occur when the following conditions are met:
and
The first condition indicates that a mosquito population is sustainable in the urban area, while the second condition represents the transportation of more than one successful egg.
If tire recycling becomes an established market with a constant flux of tires from the rural to the urban area, then the expected waiting time T M before the introduction of a mosquito species from the rural to the urban population is given by the inverse of the rate of egg introduction:
A dengue outbreak occurs
If continuous introduction of tires takes place from a dengue-endemic rural area to the urban area, a dengue outbreak might be precipitated by transportation of infected eggs. In order for this to happen the conditions ( 1) must be met, but also requires that the basic reproductive number without vertical transmission in the urban area R u 0 > 1. Its value is given by
. In this we omit vertical transmission as its effect is negligible at the beginning of an outbreak. Thus:
should be meet in addition to ( 1).
The characteristic waiting time before an outbreak T o is given by the inverse of the effective rate of introduction of infected female mosquitoes:
where
is the fraction of successfully imported eggs, κω π+ω is the probability of an egg hatching into a female mosquito before dying of natural causes.
In the case of introduction of a single batch of N T tires, in addition to
(1) and ( 3), the following condition must be satisfied:
This effectively states that more than one infected female mosquito needs to be introduced.
Endemic dengue states can be induced and enhanced
There may be situations in which R In this situation, the expected number of dengue cases at any given time I * U is determined as
where M * IU is found from the solution of the following quadratic equation
and E * IU is given by
Where dengue is already endemic in the urban area, the continuous im- We can use the Jacobian matrix when R r M < 1 of the vector demography ( B.1), to obtain the characteristic extinction time. The inverse of the smallest absolute value from its eigenvalues is an estimator of its extinction time.
Thus, the following condition should be met to reduce the risk of dengue dispersal in an established market where tires are continuously imported to the urban area:
(see b). This simultaneously works as a control measure in the rural area.
In order to assess the impact of interventions in the tire trade on disease dynamics, we can calculate the secondary human infections in the urban disease free area caused by human infections in the rural area at the beginning of an outbreak R r→u (see b). There will be one initial case of dengue virus in the urban area related to tire transportation for each 1/R r→u cases in the rural area, where
Thus, R r→u gives the number of cases in urban area which are derived from an infected person in the rural area.
Case study
One of the main barriers for dengue eradication in Latin America is the problem of stored tires. These are a favorable site for the breeding of multiple vector insects, with implications for disease transmission and human health.
As mentioned previously, used tires are one of the favored sites in which If transportation of tires takes place, the infected population in rural areas declines by 9.79% (blue solid line) and it becomes possible for the disease to be eradicated.
In contrast, if there are around twenty infected eggs per tire and transportation to the storage sites is made systematically, the number of infected people in the rural area is reduced by 28.61% (black dash-dot line). In this situation tire transportation acts as a control measure in rural areas.
Puerto Rico has instituted a program to recover used tires. Fig (7) shows the comparison between number of infected people depending on whether the By estimating the number of secondary human infections in the urban area caused by each human infection in the rural area, we provide a means by which to evaluate the impact of both tire transportation and regulatory mechanisms. This could be used by policy makers to highlight the efficacy of interventions in a striking and accessible fashion which emphasizes the direct social implications.
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Appendix A: Urban offspring reproduction number
Considering the last one four equation of urban model and doingṀ SU + M IU andĖ SU +Ė IU it is obtained.
We calculate the urban offspring number, using the method Brauer et al.
(2008) we write the system(A.1) asẊ = F − V.
The Jacobian matrices F and V , associated with F and V respectively, at the vector free equilibrium M * = 0, E * = 0 are.
The eigenvalues of K are 0 and
, so the urban offspring reproduction number is given by:
Appendix B: Vector demography
Considering the last one four equation of rural model and doingṀ SR + M IR andĖ SR +Ė IR it is obtained.
We calculate the basic offspring number of rural mosquitoes, using the method Brauer et al. (2008) we write the system(B.1) asẊ = F − V.
, so the rural offspring reproduction number is given by:
The system has two stationary states E * = M * = 0 and
The linearizing around the trivial stationary solutions is done. For this, we will calculate the Jacobian matrix around the equilibrium point (0, 0).
We get the following characteristic polynomial,
whose roots are of the shape
Appendix C: Basic reproduction number without vertical transmission in urban area
In the following we calculate the urban reproductive number. The infected classes on urban model are: I U , E IU and M IU , so the matrices F and V take the following shape.
The Jacobian matrices are:
Then we evaluated the Jacobian matrices at the disease free equilibrium
Then we found the eigenvalues of K = F V −1 since the basic reproductive number is the spectral radius, then we need the maximum of the eigenvalues of K, this will be the basic reproductive number.
There are three eigenvalues, one of them is zero, the other is smaller, so the maximum is
Appendix D: Basic reproduction number in rural area
We calculated the basic reproductive number using the next generation matrix methodẊ = F − V Brauer et al. (2008) . The infected classes on rural model are: I R , E IR and M IR , then, the information is separated into two matrices, the first one corresponds to new infection and the second one corresponds to disease progression, that iṡ
We evaluated the Jacobian matrices at the disease free equilibrium
Then we found the eigenvalues of K = F V −1 since the basic reproductive number is the spectral radius. From this we need the maximum of the eigenvalues of K, which is the basic reproductive number.
Appendix E: Basic reproduction number in urban area
We calculate the urban reproductive number. The infected classes in the urban model are: I U , E IU and M IU , so the matrices F and V take the following shape:
We found the eigenvalues of K = F V −1 since the basic reproductive number is the spectral radius. The maximum of the eigenvalues of K is the basic reproductive number.
The basic reproductive number of the complete model is the maximum of the two reproductive numbers, rural reproduction number and urban reproduction number. To find transmission from rural to urban reproduction number, we following the same idea to calculate the above basic reproduction numbers, so we want to know how many infections could cause an individual of the rural population in the urban population by the movement of infected tires, for that we are consider that in rural population the disease is endemic. The infected classes on full model are: I R , E IR , M IR , I U , E IU , M IU . The information is separated into two matrices, the first one corresponds to new infection F and the second one corresponds to disease progression V, that is Then we evaluated the Jacobian matrices at the disease free equilibrium.
Then we found K = F V −1 . To get the number of transmissions from rural to urban area we obtain K 3 with this matrix in the column if infectious rural population we get the following. 
